ROBUST ALGORITHM INTERSECTIONS OF

TRIANGLES

CONOR MCCOID & MARTIN J. GANDER

UNIVERSITY OF GENEVA

FOR

ORIGINAL TRIANGLES
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Suppose we have two triangles: a 'subject’ triangle U, and a 'clipping’ triangle V. We want
to see how much of U is covered by V.

Pick a vertex of V. The vector pointing to this vertex is labelled vg. The vectors between
this vertex and the other two vertices of V' are labelled v; and vs, so that the positions of the
three vertices of V' may be summarized as the following matrix: vo + [0 v; v2|. The same
may be done for U, creating wug, u; and us.

STEP 1: CHANGE OF COORDINATES

Use an affine transformation that turns the clipping triangle into a right-angled triangle
with perpendicular sides of length 1, called the reference triangle Y. The vertices of the trans-
formation ot U (called X') may be found by solving the system
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STEP 2: EDGE PARAMETRIZATION AND INTERSECTION

Pick an edge of Y. Find parametrizations p and g of the coordinates so that the edge lies at
p=0and 0 < g < 1 (see table below). For each vertex (z;,y;) of X calculate the parameters
(Pi»qi) = (p(Tis i), q(wi, yi)).

If sign(p;) # sign(p,) then there is an intersection between the edge connecting the i—th and
j—th vertices of X and the line p = 0. Calculate ¢, the g—coordinate of this intersection.

There will be at most two intersections per edge of Y: ¢j and ¢5. WLOG, ¢} < ¢5. If
0,1 € [qg,q3] then the corresponding vertices of Y lie inside the triangle X. If ¢5,¢5 € [0, 1]
then the corresponding intersections lie on the edge of Y. These points are vertices of the
polygon of intersection (see figure).

Convert these vertices back into (z, y) coordinates (see table below). Undo the affine trans-
formation on these points by multiplying by the matrix [v1  v2].

Parameters | y=0 | £ =0 r+y=1
p(x,y) Y 45 l—z—y
q(z,y) x Y (1—z+y)/2

Intersection | (0,0) | (0,q0) | (1 — qo,q0)

Repeat this step for each of the three edges.

STEP 3: VERTICES OF X IN Y AND POLYGON OF INTERSECTION

If p; is positive for every edge, the i—th e Vertices of X inY (sign(p;) = 1)
vertex of X lies inside Y.
Take the convex hull of the points listed to

the right to get the polygon of intersection.

e Vertices of Y in X (0,1 € [¢¢, ¢2])

e IntersectionsonY (¢}, q3 € [0,1])

SKETCH OF ROBUSTNESS PROOF

All points of Step 3 are found using the
same configuration: the transformed coordi-
nates created in Step 1. This makes the algo-
rithm self-consistent but asymmetric (it treats
U differently than V'). A symmetric algorithm
may be more accurate but inconsistent.

Any possible intersection may be written
as one of ten graphs. An example is provided
below.

Any error caused by the algorithm may be
expressed as a graph rewrite. The algorithm
can have errors related to all three types of
points listed under Step 3, but, because the al-
gorithm is self-consistent, these result in only
two kinds of graph rewrites: first type (top)
and second type (bottom).
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If the graph rewrites map the set of graphs
to itself then the algorithm always gives a
valid intersection. In the figure below, the ten
graphs are connected by coloured edges to in-
dicate which rewrites can be used to go from
one to the other: blue for the first type and
red for the second type.
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